Abstract. We study a family of hypergeometric motives H(α, β|t) attached to a pair of tuples α = (1/4, 1/2, 3/4), β = (0, 0, 0). To each such motive we can attach a system of ℓ-adic realisations with the trace of geometric Frobenius given by the evaluation of the finite field analogue of complex hypergeometric function. Geometry of elliptic fibrations makes it possible to to realise the motive H(α, β|t) as a pure Chow motive attached to a suitable K3 surface Vt.
Introduction
Finite field analogues of hypergeometric functions introduced independently by John Greene [13] and Nicholas Katz [18] provide an insight into a geometry of algebraic varieties carrying the so-called hypergeometric motives. In this note we discuss a first step in the explicit realisation of degree 3 and weight 2 hypergeometric motives.
The hypergeometric sum over a finite field F q can be described in terms of two tuples of rational numbers α and β of length d. Let q be a prime power coprime to the common denominator of elements in α, β. Let p 1 , . . . , p s , q 1 , . . . , q s be integers such that (1.1)
x − e 2πiβi = (x p1 − 1) · . . . · (x pr − 1) (x q1 − 1) · . . . · (x qs − 1) .
Let M be a rational number is a Gauss sum as described in Section 6 and ǫ = 1 when i q i is even and −1 otherwise.
The sum H q (α, β|t) appeared with a different normalisation in [13] , [18] and essentially is a finite field analogue of a hypergeometric series d F d−1 (α, β|t) where t is a complex variable
where β 1 = 1. These functions are solutions to hypergeometric differential equation of Fuchsian type. These equations have at each point d independent solutions which form a local system when the parameter varies. Monodromy representation attached to such systems were studied and classified by Beukers and Heckman [4] .
The link to motives comes from the fact that often hypergeometric functions correspond to periods of algebraic varieties. Conjecturally, to the hypergeometric datum (α, β) one can attach a family of pure motives H(α, β|t) parametrized by a rational parameter t. The weight and degree can be computed directly from the pair (α, β), cf. [12] . It is expected that each H(α, β|t) is a Chow motive defined using a suitable variety X(α, β|t) and projectors. Attached to this datum there is a motivic L-function of X(α, β|t). Formula H q (α, β|t) should produce a trace of geometric Frobenius at q acting on the ℓ-adic realisation of the motive H (α, β|t) .
From the work [3] it follows that sums (1.2) can be attached to point counts on certain algebraic varieties, cf. [3, Thm. 1.5] .
In this note we focus on a particular family of motives H(α, β|t) of degree 3 and weight 2 determined by α = (1/4, 1/2, 3/4) and β = (0, 0, 0). In Section 7 we explain precisely which Chow motive corresponds to H(α, β|t) for each t ∈ Q \ {0}.
The datum (α, β) can also be described in terms of cyclotomic polynomials Φ k of degrees φ(k) according to formula (1.1). A family of hypergeometric motives attached to pair (1/4, 1/2, 3/4) and β = (0, 0, 0) is encoded by polynomials Φ 2 Φ 4 , Φ V t : xyz(1 − (x + y + z)) = 1 256t over an algebraically closed field K of characteristic 0. Function field K t = K(V t ) of V t constitutes a function field of a K3 surface. It is convenient to make a change of variables s = x + y. In new variables x, s, z with parameter t we obtain an equation (1.4) x(s − x)z(1 − (s + z)) − 1/(256t) = 0
This family of K3 surfaces is prominently present in the literature. To name a few it appears in the work of Dolgachev [9] where it is discussed over C how it is related to a Kummer surface attached to a product of two elliptic curves. We can't use directly the approach described there as all the maps are defined analytically, hence not over Q and this does not preserve the Galois module structure on etale cohomology groups.
In [23] Narumiya and Shiga deal with the same family producing maps over certain finite extensions of Q(t) which are algebraic but not optimal for our purpose of describing the Galois module structure. Related families of K3 surfaces are also considered in [10] .
In Section 2 we introduce an elliptic fibration on family (1.3)
This provides a way to compactify the surface (1.3). We prove that those elliptic surfaces are K3 and come with the Shioda-Inose structure, i.e. they provide a degree 2 cover to another K3 surface which is a Kummer surface parametrized explicitly by a pair of elliptic curves
where S = t−1 t . We prove that the maps involved respect the Galois structure over Q(t) and hence for rational parameters we obtain an isomorphism of Galois representations over Q on H 2 (·, Q ℓ ) which allows us to describe the L-function of the hypergeometric motive. As an application we obtain certain identity between two different hypergeometric sums
where we restrict to the prime powers q of good reduction for our K3 surfaces. In Section 3 we describe explicit realisation of the Shioda-Inose structure on smooth K3 model of (1.3). This allows a precise description of the rank jumps of the Néron-Severi rank for special parameters of t as well as the computation of the generic rank.
In Section 4 we recall some well-known formulas for the Picard rank of Kummer surfaces. Next, in Section 5.1, we describe the Néron-Severi lattice of K3 surfaces V t for any parameter t, including the cases where the Picard rank jumps.
Then in Section 6 we are finally able to prove the hypergeometric identities using explicit geometry of the Shioda-Inose fibration. In Section 7 we describe in more detail the transcendental part of ℓ-adic cohomology of surfaces (1.3) which involves the symmetric square of cohomology of elliptic curves E 1 and E 2 . Finally, in Section 8 we discuss the universality of the formulas involved in terms of modular curves.
In future work we will describe how the method of realizing hypergeometric motives H(α, β|t) of low degrees and weight 2 carry over to other choices of α and β when we use specific elliptic fibrations.
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Parametrizations
Using different rational functions from the function field of (1.3) we can exhibit several non-equivalent fibrations on (1.3). This is a rather typical situation for elliptic K3 surfaces. We don't try to be exhaustive and we only exhibit certain fibrations, which will be used later.
For elliptic parameter s = x+y x−y when we eliminate y we obtain the equation
With respect to variables x, z equation (2.1) transforms over Q(t) into a Weierstrass form
For t = 0 equation defines an elliptic curve over K(s), K = Q(t). For t = 1 fibration has singular fibres above s = −1 (III * ), s = 0 (I 4 ), s = 1 (III * ), s 2 = t t−1 (I 1 ) which gives Picard rank at least 19. For t = 1 we have a fibration with singular fibres at s = −1 (III * ), s = 0 (I 4 ), s = 1 (III * ), s = ∞ (I 2 ), hence Picard number equal to 20.
Substitution s → (s − 1)/(s + 1) leads to an automorphism of the elliptic surface corresponding to (2.2). After change of coordinates we get the following Weierstrass model for the generic fibre
This has the effect of moving bad fibres of type III * to 0 and ∞ and fibre of type I 4 to 1, while the I 1 fibres are moved to s = 1 − 2t ± 2 √ t 2 − t for t = 1. We compute the following change of coordinates on (1.4)
For t = 0 equation (2.5) is a Weierstrass model of an elliptic curve defined over K(s). Provided that t = 1 it has singular fibres above s = 1 (type I 2 ), s = 0 (type I 2 ), −16s 4 + 32s 3 − 16s 2 + t = 0 (type I 1 ) and s = ∞ (type I 16 ). For t = 1 we get a fibration with reduction types: I 2 for s = 0, I 2 for s = 1/2, I 2 for s = 1, I 16 for s = ∞ and I 1 for s
Remark 2.1. If we consider (1.4) as a curve in variables s and z over Q(x) then we get a fibration (for sufficiently general t) with fiber IV * at 0 and I 12 at ∞ and four I 1 fibres.
Preliminaries on Shioda-Inose structures
Let X be any algebraic smooth surface over C. Singular cohomology group H 2 (X, C) admits a Hodge decomposition
The Néron-Severi group NS(X) of line bundles modulo algebraic equivalences naturally embeds into H 2 (X, Z) and can be identified with H 2 (X, Z) ∩ H 1,1 (X). This induces a structure of a lattice on NS(X). Its orthogonal complement in H 2 (X, Z) is denoted by T X and is called a transcendental lattice of X.
If X is a K3 surface the lattice H 2 (X, Z) is isometric to the lattice
where U is the standard hyperbolic plane lattice and lattice E 8 corresponds to the 
Alternatively this is equivalent to existence of embedding E 8 (−1) 2 ֒→ NS(X). Suppose now that we have a pair of elliptic curves defined by E :
by automorphism −1 we obtain a Kummer surface which has a natural elliptic fibration with parameter u = y y ′
This can be converted into a Weierstrass model, cf. [19, §2.1]
. This induces a double curve to a surface with Weierstrass form
This is called the Inose fibration and we denote it by Ino(E, E ′ ). It comes with a two-cover from the Kummer surface Kum(E, E ′ ) attached to E × E ′ . In [26] it is proved that Ino(E, E ′ ) admits a degree 2 cover onto Kum(E, E ′ ) which implies the existence of the Shioda-Inose diagram with abelian variety 
Curve (3.4) has two fibres of type II * at 0 and ∞ and four fibres of type I 1 for t / ∈ {1, 81/256, −9/16}. For t = 1 we have configuration II * (u = 0, u = ∞), I 2 (u = −1/8) and two I 1 fibres. For t = 81/256 we have II * (u = 0, u = ∞), I 2 (u = 2/9) and two I 1 fibres. For t = −9/16 we get II * (u = 0, u = ∞) and two fibres of type II (u = 1 12 11 ± 5 √ 5 )). We want to determine parameters a, b, c, d of (3.2) as algebraic functions of t. From the comparison of (3.2) with (3.4) we obtain
It defines an affine scheme in five variables with three irreducible components C 1 , C 2 and C 3 over Q. Components C 1 , C 2 correspond to pairs (c, d) = (0, 0), (a, b) = (0, 0) so are not interesting for us. Component C 3 defines a singular curve of genus 0, so we may parametrize it. We compute the elimination ideal with respect to variables a and t which produce a relation 27a 3 27a 3 + 1024 512t 2 − 414t + 27 t 5 + 262144(16t + 9) 3 t 10 .
We parametrize this curve in the following way
Change of variables f = 2 26 g gives a nicer parametrization
.
We can determine the other variables
The equation in d and g provides another genus 0 parametrization. We have
Finally we obtain the following formulas for a, b, c, d and t in terms of the new parameter h.
This is a parametrization of component C 3 (3.5) which provides equations of curves E 1 , E 2 . However, we can optimize the equations of E 1 and E 2 over Q. We scale the equation for E 1 by g 4 /2 and twist by (g 6 − 2)/g. Similarly we scale E 2 by g 3 and twist it by (g 6 − 2)/g. Finally we scale the equation so that the twotorsion point defined over Q( (t(t − 1))) is moved to (0, 0). We conclude that a new equation for E 1 is (3.6)
where S = t−1 t . Kummer surface attached to this new pair (E 1 , E 2 ) is isomorphic to the surface defined by (3.4) with u replaced by u 2 (1 + S). This implies that we have a degree 2 map from Kum(E 1 , E 2 ) to Ino(E 1 , E 2 ) and by [26] there exists also a degree 2 map in the opposite direction that completes the Shioda-Inose diagram. This map in [26] is not given explicitly and it might be defined over some large algebraic extension of Q(t). We will show in Section 7.1 that this is not a problem for us, since the correspondences defined by graphs of Galois conjugates of this map induces an isomorphism of suitable Galois modules induced by cohomology groups.
Curves E 1 and E 2 are 2-isogenous, where the kernel is generated by point (0, 0) and the map is defined over Q(S). If S is not rational then the field Q(S) is quadratic with unique non-identity automorphism σ.
Remark 3.2. By a result of Kani [17] there is no genus 2 curve C such that its Jacobian J(C) would be isomorphic to a product of curves E 1 , E 2 .
3.2. Alternative Shioda-Inose structure. It is worth pointing out that if we want only to extract j-invariants of the curves E 1 and E 2 defined above, we can use an alternative fibration and invoke a result of Shioda [29] which gives a different form of Shioda-Inose fibration.
We choose a new elliptic parameter for the equation (2.2). Set
. We get the following equation in s, Y ′ coordinates
This determines an elliptic curve with Weierstrass equation
under the transformation
s 3 Curve (3.9) has exactly the same fibre types as (3.4).
We normalize equation (3.9) to obtain its Shioda-Inose form (3.10)
In equation (3.9) we change the parameter u → u/(8 √ t) and perform a change of coordinates
. We obtain equation (3.10) with x = X ′′′ , y = Y ′′′ and parameters
It follows that elliptic surface attached to (3.9) corresponds to a Kummer surface with two elliptic curves given by their j-invariants j 1 , j 2 which are solutions to the system
It follows that
The formulas presented above are similar to [11] .
Picard ranks
For a pair of elliptic curves E 1 , E 2 we can determine the Picard rank ρ(
. This is a classical result.
Theorem 4.1. Let E, E
′ be two elliptic curves defined over characteristic zero field. Then
Proof. We can assume that E and E ′ are defined over C. Let A = E × E ′ be an abelian variety and π : A K = Kum(E, E ′ ) a rational two-cover induced by the map A → A/ ±1 . We have an isomorphism
We have rk T A + rk NS(A) = 6 and rk T K + rk NS(K) = 22. From [22, Prop. 4.3] it follows that rk T A = rk T K and the theorem follows.
Lemma 4.2. Let E, E
′ be two elliptic curves that are isogenous. Then Hom(E, E ′ ) is a rank 1 projective module over End(E, E). 
is an isomorphism and since deg λ is invertible in Z ℓ , Φ(λ) is an isomorphism. That implies that Hom(E, E ′ ) is a rank 1 projective module over End(E, E).
Curves E 1 and E 2 described by (3.6) and (3.7) respectively are Q(S)-isogenous. so we have ρ(
In general there are countably many parameters t such that ρ(E 1 , E 2 ) = 20, cf. [20] . We classify here only those parameters that lie in Q.
Corollary 4.3. Let t ∈ Q
× be a parameter and let ρ(V t ) = 20 for the K3 surface determined by (1.3). Let S 1 , S 2 be two finite sets such that
Then t belongs to S 1 ∪S 2 and when t ∈ S 1 then the j-invariant of curves (3.6),(3.7) is rational, otherwise it is quadratic over Q.
Proof. The rank ρ(V t ) of the Néron-Severi group is a birational invariant, hence it remains the same for the Shioda-Inose fibration (3.4) . But this elliptic surface admits a Shioda-Inose diagram ( Figure 1 ) with A = E 1 × E 2 . So by Theorem 4.1 and Lemma 4.2 it follows that we only look for the CM curves E 1 , E 2 with parameter t ∈ Q × . By formula (3.11) it follows that the j-invariant is rational or quadratic over Q. It is well known, cf. ([31, Appendix A, §3]) that there are only 13 rational CM j-invariants, namely 0, 2
By a result of Daniels-Lozano-Robledo there are exactly 58 quadratic j-invariants, cf [8, Table 1 ]. Using SAGE and commands cm_orders, hilbert_class_polynomial we can compute all rational parameters t that produce CM-curves. They are recorded in Tables 1, 2 5. Néron-Severi lattice
In this section we determine the Néron-Severi lattice for each member of the family (1.3) for t = 0 in field of characteristic 0. Elliptic fibration given by (2.2) is 
where the group generated by certain point P t is isomorphic to Z.
Proof. implies that E t (C(s)) has rank 0 in the non-CM case and 1 otherwise. For t = 1 it follows from Shioda-Tate formula that the Picard rank of elliptic surface attached to E t is 20 and the rank of G is 0. So the only non-zero point is (0, 0).
Explicit Mordell-Weil lattice.
Using the algorithm in [19, §3.1] we produce an explicit section on the surface defined by (3.4). We observe that Hom(E 1 , E 2 ) contains a unique 2-isogeny φ such that ker φ = (0, 0) . Elaborate computations on the Kummer surface reveal that point Q t such that
4096u 3 lies on the curve (3.4) and is of infinite order. When E 1 is not CM, then it is even a generator of the free part of the geometric Mordell-Weil group. Otherwise it is complemented by another section which together with point Q t forms a group of rank 2 (only in the case when t = 1).
Explicit Néron-Severi lattice.
The Néron-Severi group of an elliptic fibration comes equipped with a non-degenerate pairing which derives from the intersection product, cf. [27, §2] . For elliptic fibrations with a section the Néron-Severi group is free abelian and forms a lattice equipped with the intersection pairing. In characteristic zero the Néron-Severi lattice NS(X) of surface X embeds into H 2 (X, Z) in such a way that the intersection pairing becomes the cup product. It follows that if X is a K3 surface the lattice H 2 (X, Z) with cup product pairing is isometric to lattice Let α = 2e 1 + 4e 2 + 6e 3 + 3e 4 + 5e 5 + 4e 6 + 3e 7 + 2(0, 0) be an element in N . Let
. . , e 7 , (0, 0) be two sublattices in N . We observe that they are isometric to E 8 (−1). Finally let U 1 denote a sublattice in N generated by γ 3 + α and γ 2 . It is isometric to U . Finally we need a lattice of rank 1 spanned by γ = γ 1 − 2(γ 3 + α) − γ 2 . It is easy to check that γ is isometric to −4 . Finally, we observe that lattices L 1 , L 2 , U 1 and γ are pairwise orthogonal and the lattice L defined as For t ∈ C \ {0, 1} such that the curve (3.6) has complex multiplication we have that the generic fibre E t of family (2.2) has Picard rank 20 and hence by Lemma 5.1 the geometric Mordell-Weil group E t (C(s)) has rank 1. Point P which generates the free part of the Mordell-Weil group corresponds to a section of elliptic fibration (2.2) and its image gives an element in the Néron-Severi lattice of V t . Replacing the generator P by ±P or ±P + (0, 0) we can always assume that the corresponding section do intersects curve f 7 from Figure 2 and one of the curves γ 0 , γ 2 , γ 3 .
The latter follows from the fact that addition of (0, 0) translates the intersection component by index 2 and multiplication by (−1) gives the opposite component. So we can assume without loss of generality that the generator P that we choose satisfies all the above conditions. We say that such a generator is optimal. Lattice L from the proof of Theorem 5.2 together with the image of section corresponding to P spans the Néron-Severi lattice in the complex multiplication case. Table 3 . Néron-Severi lattices for Picard rank 20 surfaces V t Table 3 .
Theorem 5.4. Let t ∈ C \ {0} be such that the curve (3.6)has complex multiplication. Then the K3 surface determined by the affine equation V t has Néron-Severi lattice and transcendental lattice isomorphic to one of the pairs in
Remark 5.5. We will show later that case (L 1 , L ⊥ 1 ) is not possible for parameters t ∈ Q × , cf. Lemma 6.3.
Proof. Assume that t = 1. The Mordell-Weil group E t (C(s)) comes equipped with height pairing ·, · which is symmetric and non-negative and differs from the intersection product of section in the Néron-Severi group according to Shioda's height formula, cf. [27, Thm. 8.6].
where P, Q ∈ E t (C(s)), the rational number c v (P, Q) depend only on the components which the sections P and Q intersect at the fibre above v. The numbers c v (P, Q) are zero for all non-singular fibres. Otherwise they are described explicitly in [27, §8] . We call the value P, P the height of P . In our situation it follows that when a generator P of E t (C(s)) is optimal then
where p h = P.h is the intersection number of section P with element h from the Néron-Severi group. The discriminant of the Néron-Severi lattice N equals −4 P, P . We will show now that the lattice spanned by L from (5.1) and by the image of P is equal to N . We call this latticeL. For L we have an ordered basis 
Using the intersection paring onL we can show that
−2δ
This follows from a simple algebraic computation and the fact that p
= p e7 since all those values p h belong to {0, 1} and the section P hits a unique component at each fibre with multiplicity 1. From our assumptions p f7 = 1 and p γ1 = 0. From the properties of the pairing on E t (C(s)) it follows that P, T = 0 and since we work in characteristic zero we have that T.O = 0. Then we get the relation
This implies that δ = 1 4 (8 + 3p γ2 − p e7 (1 + 6p γ2 + 4p γ3 ) + 4p O ). Since δ is an integer, we get a restriction on admissible tuples (p e7 , p γ2 , p γ3 ). It follows that p e7 = p γ2 and for p e7 = 0 we can have p g3 ∈ {0, 1} but for p e7 = 1 we must have p γ3 = 0.
We observe also that the discriminant ofL is equal to −4 P, P hence N = L. Now we can easily identify which lattice structure occurs for N To compute We get immediately each transcendental lattice L ⊥ i in Table 3 which corresponds to a Néron-Severi lattice of type N ∼ = L i . Now, for t = 1 we can modify the argument above. We check that in terms of fibration (3.4) we get two II * fibres and one I 2 fibre. Finally the group of sections is spanned by the point Q 1 defined in Section 5.1. This point has height 4 and we check by discriminant formula that is generates the Mordell-Weil group. It intersects all fibres at the same component as identity section O. Shioda's height formula implies that Q 1 .O = 0 so the Néron-Severi lattice has structure
Lattice O, F, Q 1 with basis {O, F, Q 1 − O + 2F } has structure U 1 ⊕ −4 . This implies that the Néron-Severi lattice equals L 4 from Table 3 and then the transcendental lattice is L ⊥ 4 since we embed −2 ⊕ −4 into U 2 .
Hypergeometric identities
In this section following [3] we relate finite hypergeometric sums to trace formula for ℓ-adic etale cohomology of the desingularisation of (1.3). We adopt the notation for Gauss sums and hypergeometric sums used in [3] .
Let F q be a finite field. We fix a non-trivial additive character ψ q : (
For any additive characterψ we can find an element a ∈ F × q such thatψ(x) = ψ q (ax) for all x ∈ F q . It follows that
We denote by ω a generator of the group of multiplicative characters on F q . We denote by g(m) a Gauss sum g(ω m , ψ q ). We will see that a slight ambiguity in the notation caused by the choice of an additive character in g(m) will disappear in the finite hypergeometric formulas due to cancellations and (6.2).
For affine variety (1.3) over a finite field F q we can count a number of points over F q using hypergeometric finite sums as in [3, Prop. 4.3] . It follows that
The sum on the right-hand side does not depend on the choice of a fixed additive character ψ q . Affine variety V t has a non-singular projective model as described in [3, §5] . We do not use this model. Instead we analyse an elliptic fibration attached to (2.2) . This family of elliptic curves corresponds to fibration on V t defined by parameter s = x+y x−y . Using the theory of elliptic surfaces we can construct a relatively minimal non-singular projective model E t of (2.2) which has a fibration π : E t → P 1 and the generic fibre corresponds to an elliptic curve given by (2.2).
Lemma 6.1. Let q be a prime power not divisible by 2 and let t be a rational number with numerator and denominator coprime to q. Assume also that t − 1 ≡ 0(mod q).
Proof. Fix a prime power q and a rational number t which satisfy the assumption of the lemma. Let V = V t and let V s denote a curve over F q such that
Let Σ denote the set {−1, 0, 1,
is an affine model of an elliptic curve. Its Weierstrass model E s is given by (2.2). The birational change of coordinates (2.3) implies that for s ∈ F q \ Σ
In the first line the difference comes from the zero point on E s (F q ) and two-torsion point (0, 0). Under the condition in the second line two additional points {R, −R} on E s (F q ) exist that do not map to any point on V s (F q ). For s = (1 : 0) ∈ P 1 (F q ) we have a similar criterion
For s = 0 we get a singular curve V 0 with projective closure V 0 : −x 2 z(Z − z) = aZ where a = 1 256t . It has a parametrization φ :
Map φ is a morphism and its inverse φ −1 is only rational with base points at B = {(a − 1 : −1/(a − 1) : 1), (0 : 1 : 0), (1 : 0 : 0)} where the last two points are singular on V 0 . It follows that
so we get
For each s such that s 2 = t t−1 we get a singular curves V s . We have t = and since s = x+y x−y we obtain after simplifications
Its projective closure V s is a singular curve of degree 4 and genus 0. There are two singular points {(0 : 1 : 0), ( Base locus of the inverse φ −1 contains three points {P 1 , P 2 , P 3 } such that
We also have φ(1 : 0) = (1 : 0 : 0), hence
To simplify notation we introduce
The number of F q points on V s is given by the formula
Since variety V is fibred over P 1 we have
where
It follows easily that S 1,0 = −2q + 6 + δ(4, t t−1 ). For S 1,1 we observe that
where N (1 = s 2 +ty 2 ) denotes the number of F q -rational solutions to the equation 1 = X 2 +tY 2 . It follows
). 
Change of coordinates
Its projective closure C is a singular genus 0 curve with singular point at (−1 : 0 : 1) and parametrization morphism φ : 
Hence we obtain the formula for number of points on E s0 over F q
A sum over bad fibres gives the total number of points
).
Combining the previous equation with (6.7) proves the lemma.
For a fixed prime ℓ and surface E t we denote by H t the cohomology group H 2 et ((E t ) Q , Q ℓ ). The cocycle map c : Pic(E t ) → H t (1) maps divisors on E t to elements of H t so that the map respects the Galois action on both sides and the action on the right-hand side is twisted ((·) (1) 
For the proof, cf. et (E t , Q ℓ ) the action of Frobenius on classes corresponding to algebraic cycles defined over F q is by multiplication by q. In particular, this is true for all classes coming from reducible fibres of E t → P 1 since the components of the fibres are all defined over Q and after base change, over F q (as was checked by Tate's algorithm).
The contribution from reducible fibres, zero section and a general fibre to H Proof. In this proof we call by
E1,E2 a natural elliptic fibration obtained from the model g(x 1 ) = u n f (x 2 ) where f and g are polynomials that define Weierstrass models of E 1 , E 2 . We already considered above the Inose fibration (3.4) which is F 1 (up to change of coordinates over Q( (t − 1)/t) and Kummer fibration which is F 2 . From [28] , [19] it follows that if E 1 is not isomorphic over Q to E 2 there is an isomorphism
such that it sends an isogeny φ to a point P φ in such a way that P φ , P φ = deg φ and the height pairing
Suppose t = 1 or t = 81 256 , then curves E 1 and E 2 are isomorphic over
, respectively In this case we check directly that there is a rank 20 subgroup in NS(E 1 ) of the fibration (2.2) so indeed d(n) = p n in this case. Now suppose t ∈ Q \ {0, 1}. Then the curves E 1 , E 2 cannot be isomorphic over Q so the map Θ is an isomorphism. Assume that E 1 and E 2 have complex multiplication by an order
is an isogeny of degree N K/Q (α). The curves E 1 and E 2 are connected by a two-isogeny φ defined over Q( (t − 1)/t), so over L = K( (t − 1)/t) we have two isogenies: φ and [ω] • φ. They generate points P and P ω respectively under the map Θ.
Since End(E 2 , E 2 ) • φ is a finite index sublattice in Hom(E 1 , E 2 ) then the lattice P, P ω is also of finite index in F 1 (Q(u)). In fact, by construction [19, §3] of map Θ those points are defined over L. Using the model (3.4) we have that P is defined over Q(u), cf. 5.1. The Mordell-Weil group F 1 (Q(u)) is free abelian of rank 2 so the Galois group G Q = Gal(Q/Q) acts on the subgroup spanned by P and P ω in the following way
The Néron-Severi group NS(F 1 ) is spanned by 19 divisors defined over Q which was checked using the model (2.2). So we conclude that for prime p of good reduction for F 1 and prime ℓ = p the image of NS( Table 4 Proof. We provide a proof in the form of an algorithm which was implemented in MAGMA [5] (files available on request).
• For each fixed t ∈ Q × we check what is the field of definition L of E 1 and E 2 .
• We compute the 2-isogeny φ with kernel spanned by (0, 0). Suppose that E 1 and E 2 are not Q-isomorphic. Then we check what is the CM field K of E 2 and CM is by order
• Over compositum KL we compute the isogeny [ω] • φ by factorizing the division polynomial of E 2 of N K/Q (ω)-torsion. This produces two isogenies φ, ψ from E 1 to E 2 .
• We compute the Gram matrix with respect to pairing (·, ·).
• The lattice spanned by φ, ψ is of finite index in Hom(E 1 , E 2 ). We compute its saturation. We use the fact that Hom(E 1 , E 2 ) is torsion-free hence every element is defined over KL.
• Now, for the basis α, β of Hom(E 1 , E 2 ) we reduce all morphisms module a prime ideal in KL above p of good reduction for the surface E t .
• For such a pair α p , β p we use the algorithm of [19, §3.1] . We construct from that a pair of points P αp , P βp on curve (3.4) which span a basis of reduction of F 1 (Q).
• We produce such pairs of reduced points for several primes p. 
Proof. We combine Lemma 6.2 with Lemma 6.1 and equation (6.3).
We need an explicit hypergeometric function In fact, for t such that E 1 and E 2 are curves with complex multiplication the transcendental part of H t is described in a similar way but it is only a rank 2 irreducible submodule in Sym 2 (H 1 ((E 1 ) Q , Q ℓ )), cf. Lemma 6.3. which is defined by using the orthogonal basis on the part of the Néron-Severi group of S for which we have the isomorphism to ; 0, 0, 0|t). Proof. We combine Corollary 6.5 with formula (1.2) and observe that the sum on the left in Corollary 6.5 exactly corresponds to the trace formula of the complement of 19 cycles in NS(Ṽ t −1 ) corresponding to the sublattice E 8 (−1) 2 ⊕ U ⊕ −4 .
Remarks and questions
8.1. Universal family over X 0 (2). We consider a modular curve X 0 (2) as the moduli space of pairs (E, E → E ′ ) where E is a general curve E : y 2 = x 3 + ax 2 + b with a two-torsion point and E → E ′ is the induced two-isogeny to E ′ : y 2 = x 3 − 2ax 2 + (a 2 − 4b)x. The forgetful map j : X 0 (2) → X 0 (1) is j((E, φ)) = j(E).
If we put u = then we get the j-invariants of curves E 1 and E 2 respectively. We can pick a rational parameter t = Question: Can we use that to give a general hypergeometric trace formula for any K3 surface attached to a pair of two-isogenous curves?
